Let u : (M, g) → (N, h) be a map between Riemannian manifolds (M, g) and (N, h).
Introduction
In the past several decades harmonic map plays a central role in geometry and analysis. Let u : (M, g) → (N, h) be a map between Riemannian manifolds (M, g) and (N, h). The energy of u is defined by
where dν g is the volume element on (M, g). The Euler-Lagrange equation of E is
{∇ e i du(e i ) − du(∇ e i e i )} = 0, where∇ is the Levi-Civita connection on the pullback bundle u −1 T N and {e i } is a local orthonormal frame field on M . In 1983, Eells and Lemaire [4] proposed to consider the bienergy functional
where τ (u) is the tension field of u. Recall that u is harmonic if τ (u) = 0. The Euler-Lagrange equation for E 2 is( [10] )
R N (τ (u), du(e i ))du(e i ) = 0, where△ := T r g (∇) 2 and R N is the Riemannian curvature tensor of (N, h). To further generalize the notion of harmonic maps, Han and Feng [8] considered the p-bienergy(p > 1) functional as follows:
Remark 1.1. In [8] Han and Feng defined a more general object called F -biharmonic maps. p-biharmonic maps are F -biharmonic maps with F (t) = (2t)
We define the p-bitension field of u by
, du(e i ) du(e i ) }.
(1.1)
The Euler-Lagrange equation for E p is τ p (u) = 0 and a map u satisfying τ p (u) = 0 is called p-biharmonic map.
Nonexistence result
It is obvious that harmonic maps are p-biharmonic maps when p ≥ 2. Therefore when p ≥ 2 we call p-biharmonic maps which are not harmonic proper p-biharmonic maps. It is natural to consider when p-biharmonic maps are harmonic maps. There are a lot of results in this direction when p = 2(see [16] [9] . In [9] Han and Zhang proved the following result.
Riemannian manifold (N, h) with non-positive sectional curvature and let a ≥ 0 be a non-negative real constant.
and the energy is finite, that is
then u is harmonic, where p ≥ 2.
The first aim of this paper is to generalize the above theorem by releasing the integral conditions. Theorem 2.2. Let u : (M, g) → (N, h) be a p-biharmonic map(p ≥ 2) from a complete Riemannian manifold (M, g) into a Riemannian manifold (N, h) of nonpositive sectional curvature and 1 ≤ q ≤ ∞, p − 1 < s.
(
then u is harmonic.
When the target manifold has strictly negative sectional curvature, we have
Riemannian manifold (N, h) of strictly negative sectional curvature and M |τ (u)| s dv g < ∞ for some p − 1 < s. Assume that there is some point q ∈ M such that ranku(q) ≥ 2, then u is a harmonic map.
Remark 2.4. Here and in the following the rank of u at a point q ∈ M is the dimension of the linear space du(T q M ), where T q M is the tangent space of M at q.
Remark 2.5. When p = 2, theorem 2.2 and theorem 2.3 were proved in [13] , which extended earlier results of Nakauchi et al. [17] , Maeta [15] and Luo [11] . Here our proof uses similar ideas with that from [13] , by modifying the "test functions" a little bit in the computations below.
Since from Schoen and Yau's paper [22] we see that a harmonic map with M |du| q dv g < ∞(q > 1) from a complete noncompact Riemannian manifold with nonnegative Ricci curvature to a Riemannian manifold of nonpositive sectional curvature must be a constant map, as a corollary of theorem of 2.2 we have the following Liouville type result for p-biharmonic maps.
where s > p − 1 and q > 1. Then u is a constant map.
Remark 2.7. This Liouville type result was first proved when p = 2 by Baird et al. in [1] . Though they assumed s = q = 2 in [1] , it is easy to see from their proofs that their Liouville type result holds whenever s > 1 and q > 1. Their very nice paper is the main motivation of our study.
Proof of theorem 2.2.
First let's prove a lemma.
) to a nonpositively curved manifold (N, h) and
for some s > p − 1. Then |τ (u)| is a constant and moreover∇τ (u) = 0.
Proof. Let ǫ > 0 and a direct computation shows that To prove (i) of theorem 2.2, we distinguish two cases. If c = 0, we are done. If c = 0, we see that V ol(M ) < ∞ and we will get a contradiction in the following. Define a l-form on M by
Then we have
< ∞,
In addition, we consider −δω = m i=1 (∇ e i ω)(e i ):
where in the second equality we used∇τ (u) = 0. Now by Gaffney's theorem( [5] , see the appendix for precise statement) and the above equality we have that
which implies that c = 0, a contradiction. Therefore we must have c = 0, i.e. u is a harmonic map. This completes the proof of theorem 2.2. ✷
Proof of theorem 2.3
By lemma 2.8, |τ (φ)| = c is a constant. We only need to prove that c = 0. Assume that c = 0, we will get a contradiction. By the p-biharmonic equation and the Weitzenböck formula we have at q ∈ M :
where in the first and fourth equalities we used lemma 2.8. Since the sectional curvature of N is strictly negative, we must have that du(e i ) is parallel to τ (u) at q ∈ M ∀i, i.e. ranku(q) ≤ 1, a contradiction. This completes the proof of theorem 2.3. ✷ 3 Stress energy tensor and a growth formula for p-biharmonic maps
In the remainder of this paper we will derive Liouville type results for p-biharmonic maps from the m-dimensional Euclidean space R m . To do this we need to use a formula for the stress energy tensor of p-biharmonic maps, introduced in [8] .
Let u : (M, g) → (N, h) be a smooth map between two Rienannian manifolds. The stress p-bienergy tensor of u is defined by
where
Proof. In theorem 4.3 of [8] , let F (t) = (2t)
Let T be a symmetric covariant 2-tensor on a Riemannian manifold (M, g) and let X be a vector field on M . Then
, L is the Lie derivative operator and
where {e i } is an orthonormal basis. If we integrate this formula over a compact domain U with smooth boundary, then we obtain
where n is the outward pointing unit normal and dσ is the volume element along ∂U . From proposition 3.1 and taking T = S p (u) in the above formula we have the following growth formula.
) be a p-biharmonic map defined on a open subset V of Euclidean space R m with its canonical metric g. Let B r be a ball of radius of r contained in V and S r = ∂B r . Then we have
Proof. In (3.3) choose X = r ∂ ∂r , T = S p (u) and U = B r . Then we have
where we used L r ∂ ∂r g = 2g. By definition of S p (u) we see that
and by (div
2 ) we have
In addition We will deal with separately the case of m = 1 and m ≥ 2. In the later case we will use the growth formula (3.4) , and the hypotheses is stronger.
Then u is constant.
Proof. Since u is p-biharmonic, hence we have
Taking X = ∂ ∂x and since L ∂ ∂x g = 0 we get
Thus there exists a constant C such that
By definition of S p (u) we see that
where in the last equality we used∇
Thus from (4.2) we obtain
By Young's inequality we have
Hence there exist sequences {R n }, {R ′ n } such that lim n→∞ R n = ∞ and lim n→∞ R ′ n = −∞ which satisfy
and lim
Therefore on integrating over (4.3) from R ′ n to R n we get
Hence we have
Letting n → ∞ in the above quality we get C = 0 and we obtain
Letting n → ∞ again we get R |τ (u)| p dx = 0, implying that τ (u) = 0, i.e. u is a harmonic map.
Recall that for harmonic maps we have the following Bochner formula([?])
where {e i } is a local orthonormal frame field on M . Hence when M = R we have
which implies that |du| is a subharmonic function on R. Then by Yau's L p Liouville type theorem( [23] ) for subharmonic functions we have |du| is a constant which is zero by R |du| p dx < ∞. Thus we have proved that u is a constant map. ✷
For the case of m ≥ 2 we have
where m ≥ 2 and p > 2. Then u is a harmonic map. Moreover u is a constant map if m ≥ 3 and in addition we assume
where 2 ≤ q ≤ m.
Proof. To prove this theorem we will need use the growth formula (3.4) . Notice that
Equation (4.8) is one of our main observations. Then from the above equality and (3.4) we have
on applying the Young's inequality we get
Hence by Lemma 3.5 in [1] there exists an increasing sequence of (R n ) → ∞ and three positive constants C 1 , C 2 and C 3 such that
and
Furthermore from (4.10) we have
Now integrating over (4.9) from R n−1 to R n we get 16) where in the second equality we used the following computations Then by (4.11), (4.13), (4.14), (4.15) and (4.19), letting n → ∞, we see that the right hand of (4.18) is bounded by C 3 R m |τ (u)| p dx < ∞, but the left hand side goes to ∞ since lim n→∞ (R n − R n−1 ) = ∞ by ln Rn R n−1 ≥ C 2 > 0, if |τ (u)| dose not vanish anywhere. That is we have proved that u is a harmonic map.
Furthermore if m ≥ 3 and R m |du| q dx < ∞(2 ≤ q ≤ m) we have u is a constant map by the well known result of [6] and [21] when q = 2, of [20] when 2 ≤ q < m and of [18] when q = m. ✷ From theorem 4.2 we can obtain the following Liouville type result. where m ≥ 2 and p > 2. If ranku(x) ≤ 1, ∀x ∈ R m , u is a constant map. In particular, if u : (R m , g) → (N 1 , h) is a p-biharmonic map satisfying
where m ≥ 2 and p > 2. Then u is a constant map.
